We propose a general framework for constructing a large set of nodal-point semimetals by tuning the number of linearly (dL) and (at most) quadratically (dQ) dispersing directions. By virtue of such a unifying scheme, we identify a new perturbative route to access various strongly interacting non-Dirac semimetals with dQ > 0. As a demonstrative example, we relate a two dimensional anisotropic semimetal with dL = dQ = 1, describing the topological transition between a Dirac semimetal and a normal insulator, and its three dimensional counterparts with dL = 1, dQ = 2. We address the quantum critical phenomena and emergence of non-Fermi liquid states with unusual dynamical structures within the framework of an expansion, where = 2 − dQ, when these systems reside at the brink of charge-or spin-density-wave orderings, or an s-wave pairing. Our results can be germane to two-dimensional uniaxially strained optical honeymcomb lattice, α-(BEDT-TTF)2I3.
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Introduction: Over the last decade, semimetals with a discrete number of band touching or nodal points have become increasingly important for the understanding of topological phases of matter [1] [2] [3] [4] . In this paradigm, Dirac semimetals (DSMs), realized as a stable phase of matter or at a critical point separating two topologically distinct insulators, play an important role [5] . Semimetals are, however, more general states of matter [6] , and the bands in the neighborhood of the nodes may develop finite curvatures along one or more directions, see Fig. 1 . A positive band-curvature enhances the low energy density of states (DoS), which in turn strengthens the effects of Coulomb interactions. Therefore, semimetallic systems, falling outside the realm of linearly dispersing Dirac fermions, constitute a rich ground for exotic emergent phenomena, which we unveil (mainly) for an interacting two-dimensional anisotropic semimetal (ASM), displaying both linear and quadratic band dispersions, see Fig. 2 . Our results can be relevant for uniaxially strained optical honeycomb lattice [7] [8] [9] , α-(BEDT-TTF) 2 I 3 [10] , black phosphorus [11] and at the TiO 2 /VO 2 interface [12, 13] , subject to strong Hubbardlike interactions [14] . Throughout we neglect the longrange tail of the Coulomb interaction [15, 16] , which is justified for ultracold fermionic atoms in optical lattices or in the presence of a screening/proximate gate.
Traditionally the spatial dimensionality is tuned to gain insights into the strongly coupled bosonic and fermionic phases of matter [17] [18] [19] . For example, strong interactions between fermionic and bosonic (such as a collective mode) degrees of freedom can be addressed in terms of the deviation from a three-dimensional DSM (3d-DSM) along the horizonal dotted line in Fig. 1 . In a 3d-DSM the boson-fermion Yukawa interactions are dimensionless or marginal in the language of renormalization group (RG) [20] . Here we formulate a distinct approach that ties together a wide class of in- Fig. 1) , along which the Yukawa coupling is dimensionless. Around the 'marginal line' the quantum fluctuations are under perturbative control, allowing us to access the effects of strong electronic interactions by suitable expansions, where measures the deviation from this line. As a demonstrative example, we here address the quantum criticality for a strongly interacting two-dimensional ASM (with d L = d Q = 1) by performing an expansion about 3d-ASM 1 , with = 2 − d Q . Our results are summarized in Table I and a schematic phase diagram is shown in Fig. 2 . A full spatial rotational symmetry is present only along the d L = 0 line (besides the d Q = 0 line along which a Lorentz symmetry is present), which we will explore in future following the general theoretical framework developed in this work [21] .
Model: The effective single particle Hamiltonian describing a d-dimensional generic nodal-point semimetal in a noninteracting system is given by (1) where k i are components of momentum (measured from the band touching point), {Γ i } is a set of mutually anticommuting matrices, ε n are quadratic functions of their arguments, d = d L +d Q and n max ≤ d Q . Short-ranged or Hubbardlike interactions can trigger a symmetry breaking phase by generating a mass term a M a Υ a , where {Υ a } is another set of mutually anticommuting matrices, satisfying {Υ a , Γ i } = 0. Onset of such an ordering leads to a fully gapped state and the magnitude of M determines condensation energy gain. Here we focus on the quantum critical point (QCP) controlling such a transition.
The effective action in the vicinity of the QCP at intermediate energies takes the form
where
, with k 0 being the Euclidean frequency. Here, ψ n,k ( φ q ) is a Grassman (real vector) field that represents the n th copy of the fermionic modes (order parameter), g 0 accounts for the Yukawa interaction, and the ellipses represent higher order terms (including u| φ| 4 ) that are unimportant for the present analysis. We introduce N f copies of fermions. The bare fermionic and bosonic propagators are
A schematic finite temperature (T ) phase diagram diagram of a two dimensional interacting ASM (realized along the red line), separating a DSM and a band insulator (BI). In a noninteracting system (U = 0) the transition between these two phases takes place through a quantum critical point (QCP) located at ∆ = 0 (gray circle). For sufficiently strong interaction (U ) a broken symmetry phase (BSP) sets in through a multicritical point (red circle), where DSM, BI, ASM and a BSP meet. Universality classes of various transitions (ASM-BSP and DSM-BI) across this fixed point are summarized in Table I . The critical cone accommodates a quasiparticleless metallic state (non-Fermi liquid).
respectively. The parameter c encodes an anisotropy of the bosonic dynamics, stemming from the anisotropic fermionic dispersing (when
The non-interacting part of the action is invariant under the scaling [K] = 1 and [k] = z k , leading to
The non-interacting fixed point possesses a full spacetime Lorentz symmetry only when d Q = 0 and z k = 1, implying that the Yukawa coupling is marginal for d L = 3, which represents a three-dimensional DSM. For d Q > 0, the Lorentz invariance is lost, and the fermionic DoS dominates over the bosonic one, which is further amplified in the large-N f limit. Hence, we set z k = 2 at the non-interacting fixed point such that the fermionic propagator remains invariant under the tree-level scaling. For d Q > 0, the Yukawa coupling is marginal on the line,
and (0, 4), respectively representing a 3d-ASM 1 and a 4d-QBT (see Fig. 1 ). Also note that for [22, 23] . Respectively N b = 1, 2 and 3 are pertinent near charge-density-wave, superconducting s-wave and spin-density-wave orderings. Note νM and ν∆ are the correlation length exponents for ASM-BSP and DSM-BI quantum phase transitions, respectively, see Fig. 2 .
, and L and Q can be tuned independently to reach various interacting fixed points where the Yukawa coupling (g 0 ) is dimensionful. At the formal level, it is accomplished through the dimensional regularization, and the RG equations can be derived within the minimal subtraction scheme. Due to the absence of the Lorentz invariance, our methodology differs substantially from the ones applied to DSMs. Owing to its novelty, we first highlight the key features of the formalism.
The tree-level scale invariance of the fermion propagator comes at the cost of c being strongly irrelevant [see Eq. (3)]. Thus, c −1 acts like a momentum scale, regulating divergences in diagrams involving the bare boson propagator. In the regime, where a perturbative expansion is controlled, the quantum corrections are generally weak and they cannot compensate a strong negative treelevel scaling dimension. Therefore within the perturbative window c flows to zero. Anticipating this fate, we set c = 0 from outset [24] . The bosonic propagator then simplifies to D −1 0 (q) = |Q| 2 . In order to obtain a well-defined infrared (IR) scaling limit, physical quantities cannot be singular in c and the spurious divergences arising at c = 0 are eliminated once IR adjustments are taken in to account. To this end we implicitly resum an entire series of diagrams, shown in Fig. 3 [25] . This procedure is equivalent to replacing each bare boson propagator within a given Feynman diagram by a suitably dressed ultraviolet finite counterpart, and depending on the low energy DoS, it either Landau damps or screens the boson dynamics.
Interacting ASM : To exemplify the framework discussed so far, we focus on 3d-ASM 1 , with d L = 1 and d Q = 2. Two physically relevant systems describing such an ASM are (1) the topological QCP separating a nodalline semimetal and a BI [26] [27] [28] , and (2) double Weyl semimetal [29, 30] . We focus on the former system, for which the effective single-particle Hamiltonian reads
Two sets of Pauli matrices {σ µ } and {τ µ } respectively operate on the spin and sublattice/orbital degrees of freedom, where µ = 0, · · · , 3. Respectively for ∆ > 0 and ∆ < 0 the system describes a nodal-loop semimetal of radius √ ∆ and a band insulator (BI). The transition between these two phases takes place at ∆ = 0 and described by 3d-ASM 1 . In the absence of k z , the above single-particle Hamiltonian captures the transition between a two-dimensional DSM and a BI [31] . Therefore, emergent quantum critical phenomena in a strongly interacting 2d-ASM with d L = d Q = 1 can be addressed by performing a suitable expansion about its three dimensional counterpart, more about which in a moment. At the topological QCP, ∆ is a relevant perturbation and plays the role of a tuning parameter.
For sufficiently strong interactions, the ASMs can terminate at a multicritical point, where a gapless topological phase (DSM or nodal-loop semimetal), BI, ASM and a broken symmetry phase meet, see Fig. 2 . If we set the renormalized value of ∆ to be zero, the effective action at an intermediate momentum scale µ takes the form
is the dimensionless Yukawa coupling. In the close proximity to the charge-and spindensity wave ordering N b = 1 and 3, and Υ = σ 0 τ 3 and στ 3 , respectively. With an appropriate redefinition of the spinor basis the above effective theory is applicable near an s-wave pairing, for which N b = 2 and Υ = σ ⊥ τ 3 , where σ ⊥ = (σ 1 , σ 2 ). Within the framework of an extended Hubbard model, containing onsite (repulsive and attractive) and nearest-neighbor interactions, these three phases are the most prominent ones [14, 27, 32, 33] .
The Yukawa coupling becomes progressively more relevant as d Q → 1, the effects of which are systematically incorporated by an expansion, where ≡ Q = 2 − d Q . The 'small' parameter measures the deviation from the upper critical dimension d Q = 2, where [g 0 ] = 0 for d L = 1. In the neighborhood of the upper critical dimension the non-analyticities resulting from the anisotropic dispersion decouple from those originating from the relevance of g at the leading order, and allows a more controlled access to the asymptotically low energy physics. In addition, tuning d Q in Eq. (5) offers two important advantages: (i) the number of Pauli matrices necessary for defining the d-dimensional local critical theory is independent of d, which allows d to be truly arbitrary, and (ii) the interaction vertex does not break the rotational symmetry in the k or K subspace, implying that the dynamical critical exponent defined with respect to the linearly dispersing direction is fixed at unity.
RG & Fixed points: Here the dominant IR processes that cut off the putative divergences in the c → 0 limit occur in the RPA channel, and implicit resummation [see Fig. 3 ] discussed above amounts to replacing D [34] . Even though the resultant dynamics lacks point-like bosonic excitations, the fermions are still weakly coupled to the bosons, and to the linear order in , we obtain the following RG flow equation for g
While the vertex correction vanishes for N b = 2, it screens (anti-screens) the Yukawa vertex for N b = 1(3) [35] . The unusual ln g 2 terms results from the dynamical IR adjustments, and reflects that a naive perturbative expansion around the non-interacting fixed point cannot access the asymptotically low energy regime [34] .
The non-interacting fixed point at g 2 = 0 is stable for = 0 and N b = 1, 2. But, a stable interacting fixed point is found at g 2 * = 16e −(N f +5/2) when N b = 3. This interacting fixed point is stabilized by a balance between the anomalous dimensions and vertex correction, and is inaccessible within a naive one-loop expansion. Therefore, in a three-dimensional interacting nodal-loop semimetal, residing in the close proximity to a topological QCP, only the transition to a spin-density-wave phase can be nonGaussian in nature. By contrast, for d Q < 2 stable IR fixed points are obtained for N b = 1, 2 and 3. In order to simplify the results, we take the large N f limit at fixed and retain the leading order terms in 1/N f . The results are displayed in Table I . The stable fixed point at the superconducting or XY QCP is conventional as g 2 * ∝ , whereas the quantum fluctuations are weakened (strengthened) in the neighborhood of the interacting fixed point for the charge(spin)-density-wave QCP.
Non-Fermi liquid: The leading order RG analysis also yields the following nontrivial anomalous dimensions
) and b = 10 + 3 ln(g 2 /16) [34] . While z k controls the curvature of the dispersion according to E ± (k x , K) ∼ ± k 2 x + |K| 2z k , the fermionic (η ψ ) and bosonic (η φ ) anomalous dimensions, respectively, modify the corresponding two-point correlation function according to ψ k ψ † k ∝ |k| −1+2η ψ and φ k φ −k ∝ |k| −1+2η φ . Hence, the residue of the quasiparticle (fermionic and bosonic) pole vanishes at this fixed point, indicating emergence of a non-Fermi liquid in its close vicinity. Since the anomalous dimensions of the fields are positive (see Table I ), compared to the non-interacting limit, the fluctuations are more localized in the real space at the stable IR fixed point. Finally we discuss the imprints of such quasiparticleless metallic states at finite temperature and frequency, i.e. within the critical cone shown in Fig. 2 .
The correlation lengths (alongx) for the topological (between the DSM or nodal-loop semimetal and BI) and ordering (between the ASM and a broken symmetry phase) transitions are given by ξ ∆ ∼ |∆| −ν∆z k and
On approaching the multicritical point both ξ ∆ and ξ M diverge faster than the mean-field expectation ξ X ∼ |X| −1 , where X ∈ {∆, M }. Since the dynamical exponent with respect to x is 1, the temperature scale (T * ) associated with the transitions, tuned by X = ∆ and M , is given by T * ∼ ξ −1 X . At the QCP the spectral density function measured at the erstwhile band-touching point scales as A(ω) ∼ ω −1+2η ψ . The dynamical structure factors for the order parameter fluctuations goes as S(ω) ∼ ω −1+2η φ . Within the critical cone the specific heat and compressibility scale as C ∼ T 1+d Q /z k and κ ∼ T d Q /z k , respectively. And specifically in two dimensions the optical conductivity of the non-Fermi liquid alongx andŷ are respectively given by σ xx ∼ ω −1/2+2η ψ and σ yy ∼ ω 1/2+2η ψ . Discussion: We introduced a new classification scheme to tie together a large set of nodal-point semimetals, by tuning the number of linearly (d L ) and quadratically (d Q ) dispersing directions, see Fig. 1 . Such a unifying scheme allows us to address emergent quantum critical phenomena in strongly interacting semimetallic systems, falling outside the jurisdiction of well studied DSMs, by employing suitable perturbative expansions, when in particular these systems reside at the verge of a spontaneous symmetry breaking. As a demonstrative example, we here address this phenomenon in 2d-ASM (d L = d Q = 1) and 3d-ASM 1 (d L = 1, d Q = 2) in terms of an expansion, where = 2−d Q [see Table 1 ]. Specifically, our predicted quantum critical behavior for a two-dimensional ASM can be relevant for uniaxially strained optical honeycomb lattice [7] [8] [9] and artificial graphene [36] , interface of TiO 2 /VO 2 [12, 13] , black phosphorus [11] and α-(BEDT-TTF) 2 I 3 [10] , and can also be tested in quantum Monte Carlo simulations of extended Hubbard model [37] [38] [39] [40] .
We close the discussion by presenting a comparison between quantum criticalities of a Fermi surface and an ASM. In both systems the Landau damping is responsible for the emergent non-Fermi liquid behavior. In the former system, however, the damping scale competes with that of a spontaneous symmetry breaking due to a finite DoS, which generally results in superconductivity at low temperatures [41] . By contrast, in an ASM the non-Fermi liquid behavior is expected to survive down to arbitrary low energies (a 'naked' QCP) due to the vanishing DoS. Moreover, the non-interacting Hamiltonian of a d Q dimensional ASM is similar to those in patch-theories of Fermi surface QCPs [42] , with the difference arising from the pole structure of the respective fermion propagators. Nonetheless, similar quantum dynamical structures suggest intriguing parallels between the low energy dynamics at these two classes of criticalities, which we will explore in future works.
